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Abstract 

Two complexity functions a r and j3 r are defined to measure the maximal possible gap be- 
tween the norm of an automorphism (respectively outer automorphism) of F r and the norm of 
its inverse. The exact complexity of cxi and P% is computed. For rank r ^ 3, polynomial lower 
bounds are provided for a r and j3 r , and the existence of a polynomial upper bound is proved 
for fi r . 

1 Introduction 

Let A r = {cti, . . . ,a r , a]" 1 , . . . , a" 1 } be an alphabet of r symbols together with their formal 
inverses (a total of 2r symbols different from each other) . All along the paper we assume r ^ 2 
to avoid trivial cases. 

The set of all words on A r , including the empty one denoted 1, together with the operation 
of concatenation of words, forms a free monoid denoted A*. For any subset S C A*, the symbol 
S* denotes the submonoid generated by S, namely the set of all (arbitrarily long) finite formal 
products of elements in S. For example, {ai, . . . , a r }* is precisely the set of all positive words 
on the alphabet A r . 



Let F r = (oi, . . . , a r ) be the free group (of rank r) on the alphabet A r , i.e. A*/ ~ where ~ 
is the congruence generated by the elementary reductions a%a~ x ~ aj' a% ~ 1. A word of A* is 
said to be (cyclically) reduced if it contains no (cyclic) factor of the form aja~ e , e = ±1. Given a 
word w E A* , we shall denote by W its reduction, namely the unique reduced word representing 
the same element of F r as w. We shall do the standard abuse of notation consisting on using 
words, specially reduced ones, to refer to elements of F r . 

The length of an element w E F r , denoted |u>|, is the total number of letters in W, under- 
standing |1| = 0. It is straightforward to see that \w n \ ^ \n\\w\ and \vw\ ^ \v\ + \w\ hold for all 
v, w E F r . 

We are interested in the automorphism group of F r , denoted Aut F r . We let automorphisms 
act on the right, so we write ip: F r — » F r , w i— > wtp. Since every ip E AutF r is determined 
by the images of a\, . . . , a r , say aiip = u\, . . . , a r tp = u r , we shall adopt the notation tp — 
Vu!,...,u r on occasions. When all of the Mi's are positive words, we say that 77 Ul) ...,« r is a 
positive automorphism (also known in the literature as invertible substitutions, see e.g. [7])- 
The submonoid of AutF r consisting of all positive automorphisms is denoted by Aut + F r . An 
automorphism .... Ur is said to be cyclically reduced when U\, . . . , u r are all cyclically reduced. 
For every w E F r , we denote by X w the right conjugation by w, namely xX w — w~ l xw. Since 
X w ip = tp\ wv , it follows easily that A r = {A^ | w E F r } is a normal subgroup of Aut F r . Each of 
the cosets [ip] = ipA r is said to be an outer automorphism of F r . We write Out F r = (Aut F r )/ A r . 

Given ip E Aut F r , we consider 

llvlli = Iffli^l H 1" K¥?|, 

as a measure of its complexity. Note that there is no ip E Aut F r with || ip\\ \ ^ r — 1, and there are 
exactly r!2 r automorphisms with = r, namely those of the form ai i— > a^, . . . , a r i— > a^, 
where i £ S r is a permutation of {a±, . . . , a r } and = ±1. These automorphisms are the 
simplest ones and are called letter permutation automorphisms of F r . They will be useful to 
reduce the number of cases in our arguments below. Note that, for increasing values of n ^ r, 
there is an increasing number of automorphisms ip with \\<p\\i ^ n, but only finitely many for 
every fixed n. 

This measure induces a measure on OutF r defined as follows. Given $ E OutF r , let 

||$||i = min{||^||i | ip E $}. 

Once again, for every fixed n, there exists a finite number of outer automorphisms $ with 
||*||i<n. 

Very little is known in general about the relation between the complexity of an (outer) 
automorphism of F r and the complexity of its inverse. In order to establish a first step into this 
direction, we define the following complexity functions: 

a r (n) = max{||^ _1 ||i | <p E AutF r , \\f\\i ^ n}, 

(3 r (n) = maxll^- 1 !!! | $ E OutF,,, ||^J| x s$ n}. 

Clearly, a r (n) ^ a r (n + 1), hence a r is a non-decreasing function, and so is /3 r . It is easy 
to see that /3 r (n) = max{||[</3 _1 ]||i | ip E AutF r , \\<f\\i ^ n}, hence /3 r (n) < a r (n) for every n. 
Observe also that the natural inclusion Aut F r <->■ Aut F r+ i defined by fixing the last generator, 
gives the inequality a r+1 (n +1) ^ 1 + a r (n). 

Note that \\tp\\i depends on the prefixed basis {a±, . . . , a r } in which one computes the norm; 
in other words, given ip E AutF r , \\p>\\\ and V"0l|i are not equal in general, although they 
differ only by a multiplicative constant, as stated in Corollary [2T3] below. However, the functions 
a r and /3 r do not depend on the chosen basis and constitute canonical invariants of the group 

F r . 
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The goal of this paper is to investigate the asymptotic behavior of a r (n) and /3 r (n) . We can 
complete this project for the rank two case, which is quite special compared with higher ranks. 
On one hand, we show that, for every $ € Out-Fb, H^ -1 !!! = H^Hi and so fcin) = n, while 
the same equality in higher rank is far from true. On the other hand, we prove that a^in) is 
bounded above and below by quadratic functions, i.e. there is an exact quadratic gap between 
|<^||i and ||</9 -1 ||i in the rank two case. Collecting Theorems 13.51 [3761 and 13.71 we have 

Theorem. 

(i) For n > 4, a 2 (n) < 

(ii) for 10, ^ - 6n + 42 a 2 (n), 
(Hi) for n 1, ^(Vi) = n. 

For higher rank, the problem is much more tricky and our results are less precise. We show 
that a r (n) grows at least polynomially with degree r, and j3 r (n) grows polynomially with degree 
at least r — 1. Collecting Theorem 14.41 and Corollary 14.61 we have 

Theorem. For every r 3, there exist constants K r , K' r , K" , M r > such that, for every 

(i) K r n r a r (n), 

(ii) K' r n r - X ^ p r (n) sC K' r 'n M -. 

Finally, we write a couple of interesting open questions. 

2 Preliminaries 

2.1 The p-norm of an automorphism 

To prove the main results in the paper, we need to use standard facts about norms on real 
(or complex) vectors and matrices. Recall that the maps ||-|| p : R k — > M, . . . , Xk)\\ p = 

(\ Xi \p + ■ ■ ■ + \x k \P)^P (forpeIR+) and \\-\\oo- R fe -> % \\(x U . . . , asOlloo = max^, . . . , |a*|} 
are vector norms, i.e. they satisfy the following axioms: (1) ||x|| p ^ with equality if and only 
if x = 0; (2) HHIp - HIWIp; and (3) ||x + y|| p < ||x|| p + ||y|| p . 

Let us extend these notions to the non-abelian context, via the length function. For p £ 
M + = M+ U {oo} and w = (wi, . . . , w k ) £ F*, we define 

||w|| p = \\{w u ..., w k )\\ p = (\ Wl \P + ...+ \w k \Pf/P 

for p £ R + , and 

||w||oo = \\(wi,...,Wk)\\oo = max{|wi|, . . . , \w k \} 

for p = oo. Note that the notation is coherent with the fact HwHoo = lim^oo ||w|| p . 

Observe that this map F k K can be expressed in terms of the corresponding vector norm, 
|| (wi , . . . , Wit) ||p = ||(|u>i|, . . . , |wfc|)|| p . Hence, it satisfies the following properties: 

1) (positivity) ||w|| p with equality if and only if w = (1,...,1); 

2) (powers) \\(w?, . . . ,w%)\\ p < \n\\\(wi, . . . ,w k )\\ P ; 

3) (triangular inequality) \\(viWi,. . .,v k w k )\\ p < \\(vi, . . .,v k )\\ p + \\{wi,. . .,w k )\\ p . 

By analogy, we shall emphasize on these three properties by referring to ||-|| p as the p-norm in 
F*. 

Let us move now to morphisms. Thinking endomorphisms of F r (and, in particular, automor- 
phisms) as r-tuples of elements, <p O- (ai<p, ■ ■ ■ , a r (p), we define the p-norm of an endomorphism 
(p £ EndF r , p £R , as 

IMIp = ll( a i<^ ■■■,a r ip)\\ p - 
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Given $ £ OutF r , define also 

||$|| p =min{|M| p | tp G 

Further, we define the corresponding complexity functions a r and /3 r , in an attempt to measure 
the deviation in size between an automorphism (outer automorphism) and its inverse: 

a p r (n) = max{||<p _1 || p | tp G AutF r , \\tp\\ p < n}, 
#(n) = ma3c{||$ -1 ||p | $ G Out.Fr, ||$|| p < n}. 

Note that a r and /3 r above are a), and /J*, respectively. However, as expressed in the following 
proposition, for the different values of p G K , all functions a?? are closely related to each other, 
like 13% do. For this reason, we shall restrict our attention to the case p — 1 (with occasional 
references to the oo-norm for some technical arguments). 

Proposition 2.1. For all p,q G K + there exists a natural number C — C P: q :r > such that 

^IMI,<IMI P <C|MI, and ^\\n g <\m p <C\\4>\\ q 
hold for all tp G End F r and $ G Out F r . Furthermore, 

h a " (£) ^ a " (n) ^ Ca r {Cn ^ and h pPr © ^ ^ (n) ^ °^ Cn ^ 

for all n multiple of C. 

Proof. It is well-known (see [4j Corollary 5.4.5]) that the exact similar fact holds for the corre- 
sponding vector norms: there exists a positive constant, and so a natural number C = C Pj9jr 
such that 

i||x[[ ? <||xjj p <C1|x|| 9 

for every x£l r . Now ^j||</?|| g ^ IMIp ^ C|Mlg follows immediately from the equality 

WfWp = \\(ai<P,-- -,ar<p)\\ P = IKIoi^l, ■ ■ • , l<w|)||p- 
On the other hand, since \\$\\ q — \\Q\\q for some 9 € we get 

H$|| p - mm{|M| p | tp g $} < \\e\\ p < c\\e\\ g = c\m\ q 

and jj||3>|| 9 s$ ||$|| p ^ C , ||$|| 9 follows by symmetry. 
For the second part of the statement, we have 

al{n) = max{||(^ _1 || g | tp e AutF r , ||<p|| g < n} 
^ max{||(^ _1 || g | tp £ Aut F r , \\tp\\ p ^ Cn} 
sC Cmax{||( / 3 _1 || p | tp G AutF r , || ^|| p < Cn} 
= CaP(Cn) 

for all n. Symmetrically, a^(n) < Cu%(Cn) and so ^a^(^) ^ a*(n) for all n multiple of C. 
The same argument gives the corresponding inequalities for the j3 functions. □ 

The following lemma states some initial properties of norms of automorphisms, that will be 
useful later. As a corollary, we deduce the fact that, up to multiplicative constants, ||-||i (and 
so || • ||p) do not depend on the (prefixed) basis of F r chosen to compute norms. 

Lemma 2.2. Let tp, 0, ip\, ip2 G Aut F r with ip\ and ip2 letter permuting, and let w G F r \ {1}. 
Then: 
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ft) ™ < Moo < IMIi, 

(ii) 1 1 tpiipip2 ||p = IMIp f or all p e K + . 
(in) ||^||i<IM|i- Halloo <IM|i 

(iv) \\\ w <p\\i < (2rH+r-2)|M| OD < (2r|tu| + r - 2)|M| X . 

Proof, (i) and (ii) are clear from the definitions. 

(iii) For every a € A r , we have |a(^0| ^ \atp\ ■ ||0||oo and so 

r r 

MHi = X! 1^1 < E l a '^l • H H~ = IMIi ' H II~ < IMIi ' ll^lli- 

i=l i=l 

(iv) Since uj^I, exactly one of the words w~ 1 a,iW is non reduced, and so 



l|A^||i = 2 K™ -1 ^™)^ < ( r - !)( 2 I W I + l)||v||oo + (2M - l)||v»||oo 

i=l 

= (2rH+r-2)|M|oo<(2rH+r- 2)11^111. □ 

Corollary 2.3. Let ip £ Aut-F r (thought as a change of basis), and let C = H^lli • 111' 
Then: 

(i) for every p £ AutF r , we have ^||v||i ^ HV' - V'V'lll ^ C II V II i j 

(ii) a r (n) = max{||?/> -1 c/? -1 ?/>||i | tp £ Aut-F r , ||V> _1| y9V'l|i ^ n }> *- e - the definition of a r (n) 
does not depend on the basis chosen to compute norms. 

Proof, (i) By LemmaOIiii), H^V^IIi < ll^lli • IMIi • IMIi = C|M|i. Analogously, |M|i = 

M^^^Wi < IMIi • ll^-V^lli • IIV^IIi = cil^-VV'lli- 

(ii) Considering the change of variable v — ip~ 1 (pip in AutF r , we get v^ 1 — ij)~ 1 p~ 1 ip and 

so max{||?/;~V~ 1 V'lli I V 6 AutF r , ||Vi~W||i < n } = {||f -1 ||i I v 6 AutF r , \v\ x <k n} = 
a r (n). □ 

Lemma 2.4. Let <£>, £ Out-FV and let ip\, ip2 £ Aut F r be letter permuting. Then: 

ft) ||[^]*Ml=|l*IU, 

(») peiix^pHxiieiix. 

Proof. We have [•0i]<E > [i/ , 2] = ipi A r $^ 2 A r = ^iA r $A r ^>2 = ipi&if>2- Now Lemma f2T2lf ii) yields 

lltV'il^MHi = min{||^i^ 2 ||i | <p £ $} = min{||^||i | (p £ $} = ||$||i 

and so (i) holds. 

For (ii), we use Lemma hi) to get 



||*9||i = mm{||V||i | ip 6 $9} = min{||^6»||i | <p £ $, 9 £ 0} 

< min{|M|i||0||i | p £ $, 9 £ 0} = (min{||vj||i | <P £ $})(min{||0||i | 9 £ 0}) 

= INi||e||i. □ 

Now, similarly to Corollary |2.31 one could prove that the definition of j3 r (n) does not depend 
on the basis chosen to compute norms. 

The proof of the following lemma is immediate: 

Lemma 2.5. Let ip £ AutF r be cyclically reduced. Then ||[y]||i = |M|i- 
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2.2 Abelianizing 

Abelianizing will be a valuable tool to derive lower bounds for \\<p\\i and ||$||i. 

The 1-norm for vectors ||(xi, . . . , x r )||i = \x\ \ + - ■ • + \x r \ gives rise to the 1-norm for matrices, 
namely 

||M|| 1 = 5^|m ili | ) 

where M = (mij) £ GL r (Z). It is straightforward to verify that, for all x, y £ Z r and 
M, N £ GL r (Z), we have the inequalities ||x + y||i ||x||i + ||y||i, ||xM||i ||x||i • ||M||i, 
||M + JV-||i<||M||i + ||^|| 1 ,ai«i||MJV'||i<||Af||i||JV'||i. 

Let us denote the abclianization map by (-) ab : F r -» 17 , w h-> w ab = ([u;] 0l , [u>] 0r ). 
Here, [w] ai is the total exponent of <ij in w, i.e. the total number of times the letter cij occurs in 
w, taking into account the exponents' signs (for example, [<zia2aj~ 2 ]ai = — 1 an d [aiaj -1 a 2 ] ai = 
a 2 ;«: =0). 

Every automorphism ip £ Aut F r abelianizes to an automorphism <p ah of Z r which we shall 
represent by its r x r (invertible) matrix over Z. We want automorphisms to act on the right, and 
so we write matrices by rows, i.e. with the i-th row describing the image of the i-th generator: 

[anp] ai ■ ■ ■ [anp] a \ 

eGL r (Z). 

[a r ip] ai ■ ■ ■ [a r (p} ar J 

This way, for every w £ F r , (w<p) — w <p ab . Furthermore, (</?6>) ab = (p ah 8 ah , and ((^ _1 ) ab = 

ty*)- 1 . 

Observe that, for every w £ F r , \w\ > ||w ab ||i = \[w] ai !+•••+ IMaJ with equality if and 
only if no letter occurs in w with the two opposite signs. This can be expressed in the following 
useful way: 

Lemma 2.6. For every tp £ AutF r , \\<p\\i > IIMIIi ^ ll¥ ,ab ||ij with equalities if and only 
if, for every i = l,...,r, no letter occurs in CLjJp with the two opposite signs. In particular, 
IMIi = 1 1 v^^*" 13 1 1 1 for positive automorphisms. 

Proof. Clearly, ||<ys||i > ||M||i- We may write ||[y>]||i = H^A^Hi for some w £ F r . Then 

Iblli > WMh = HvA»||i = ET=i \wU > ELi ll(<w) ab lli = EI=i IKV b lli 
= E[=iE-=il[^k-l = lb ab lli. 

where af° is the i-th canonical vector and so, o ab y ab is the i-th row in iy9 ab . It is immediate 
that the inequality ||</>||i ^ ||<^ ab ||i becomes an equality if and only if, for every i = l,...,r, no 
letter occurs in Ojjp with the two opposite signs. This is the case when ip £ Aut + F r . □ 

3 The rank two case 

In this section we shall deal with the rank 2 case. Along it, we simplify our notation to A = 
A 2 = {a,M~\& -1 }- 

We start by proving that inversion preserves the norm in the case of positive automor- 
phisms. It is known that positive automorphisms of F 2 are generated as a monoid by A — 
{Vb,ai Va,abi Va.ba} i that is, they all can be obtained as a composition of these elementary ones, 
i.e. Aut+F 2 = A* (see [7]). 

Lemma 3.1. Let ip £ Aut + F 2 and write p^ 1 = rj UjV . Then either u £ {a, b^ 1 }* and v £ 
{a^ 1 ,^}*, or u £ {a _1 ,6}* and v £ {a, 6 -1 }*. In particular, ip^ 1 is cyclically reduced. 
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Proof. The result is clear for the three elementary positive automorphisms, r] b a = T]b ta , n a * h = 
r la,a- 1 bi Vala = Va.ba,- 1 - Since all positive automorphisms are compositions of elements in A, 
we are reduced to show that, given a positive automorphism ip and 9 £ A, the lemma holds for 
ipO whenever it holds for (p. To see this, write ip~ l — t] UjV and assume u and v are like in the 
statement. Then we get 

(Wb^y 1 = r\b,a,r\u,v = r] v , u , 

(Wa.aby 1 = Va,a- l bVu,V = Vu.u-^vi 
(Wa.fca)" 1 = riaM- ir lu,v = Vu,vu~^ 

completing the proof. □ 
Proposition 3.2. Let tp £ Aut + F 2 . Then ||^ _1 ||i = |M|i. 
Proof. Abelianizing, we have 

/Ma W \ &nd {( p-l T * = ±( [M* -f^M; 
V [Ma [Mb / V "Ma Ma / 

hence, ||(¥> -1 ') ab ||i = ||y ob ||i- Also, |jy ab ||i = |M|i since ip is positive (see Lemma [2T5|1 . Now, 
write ip^ 1 = r) u , v . By Lemma |3. II no letter occurs with both signs in neither u nor v so, again 
by Lemma FZM ||(v — 1 ) ||i = | ] X )| i , concluding the proof. □ 

From positive automorphisms we can gain control of all cyclically reduced ones. 

Lemma 3.3. For every cyclically reduced tp £ Auti*2, there exist two letter permuting auto- 
morphisms tp2 £ Aut i*2 and 9 £ Aut + F% such that p — ipiOifa. 

Proof. Write <p = r) u>v . Since both u and v are cyclically reduced, the main result in [2] tells 
us that at most two letters of A occur in it, and at most two of them (not necessarily the same 
ones) occur in v. Without loss of generality, we may assume that two different letters occur in 
cither u or v, say in u. Inverting all possibly negative letters in u, we can write j] UtV — r) u i , V 'r} a e b s 
with e, 6 = ±1, u' £ {a, b}* and |it'| = |u| and \v'\ = \v\. 

If v' £ {a, b}* , i.e. is a positive word, then r\ u i ^ £ Aut + F2 and we are done. If v' £ 
{a , b^ 1 }*, take r) UjV = r\ a b-^r\ u i v '-iTj a e^s and we are also done. The remaining cases to 
consider are v' £ {a -1 , b}* or v' £ {a, b" 1 }* with exactly two letters occurring in v'; they will 
lead us to contradiction. Indeed, abelianizing we get w' ab = [[u] a , Mb) = (p,q) with p, q > 0, 
and v lah = ([v] a , [v]b) = (r, s) with rs < 0. This contradicts ps — qr = ±1 coming from the fact 
that r) U ',v' is an automorphism of F2. □ 

And from those, we can reach the general case: 

Lemma 3.4. For every ip £ Aut-Fb, there exist two letter permuting automorphisms ip%, ip2 £ 
Aut F2, 9 £ Aut + F2, and an element g £ F% such that ip — ipiO^Xg and \\9\\\ + 2\g\ si H^lli- 

Proof. Note that, by Lemmas l2.2f ii) and !3.31 we are reduced to show that there exists a cyclically 
reduced ip' £ Aut F 2 and g £ F 2 , such that ip = ip'X g and \\(p'\\i + 2\g\ ^ \\<p\\v Let us prove this 
claim by induction on ||y||i. 

If ||v||i == 2 the claim is trivial since ip is cyclically reduced. So, suppose tp = r) u<v £ Aut F2 
is given with ||7? Uit ,||i > 2, and let us assume the claim holds for all automorphisms of smaller 
1-norm. Again, if u and v are cyclically reduced the claim is trivial so, by symmetry, we can 
assume that u is not cyclically reduced, say u = c~ 1 u'c for some c £ A and u' £ F2. If v neither 
begins with c _1 nor ends with c then it could be easily seen that c would not be contained 
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in (u,v) contradicting the fact that {u, v} generates F 2 . Hence, v G c 1 A* U A*c, and so 
Icwc^ 1 ! < \v\. Now, factoring as r/ u . v = r\ u , ^ttA c , we have 



Ik-,— Hi = + l CTC_1 l < M -2 + H = - 2, 

and we can apply the induction hypothesis to get a factorization 77 , — — = y'A^ with <p' 
cyclically reduced and ||y>'||i + 2\h\ ^ Thus, we have rj UjV = %>^^r^c = v'^hK = 

ip'Xhc with 



9'Hr + 2\hc\ < l^'ll! + 2|h| + 2 sc h^^h + 2 < H^Hi = |M|i- 
This completes the proof of the claim and so, of the lemma. □ 
Theorem 3.5. For every n 4, we have otzin) si 2 . 

Proof. Let 95 € AutF2 with ||y||i ^ n, and let us prove that ||y _1 ||i ^ < ~"~ 1 - 1 . Consider the 
decomposition given in Lemma 13. 4[ ^ = ipiBifeXg for some letter permuting ipi, tp? € Auti^, 
some 6 € Aut + F 2 , and some g e F 2 such that ||0||i + 2\g\ ^ \\<p\\i. 
If g = 1 then 

H^ll! - n^-Vr 1 !!! - in = \\e\u = yh <n < 

by Lemma l23t u) and Proposition 13.21 (and using in the last step that n > 4). 

So, let us assume 3 ^ 1 in which case we have ip^ 1 — \ g -iip2 Q^rfi ■ By Lemma 12.21 and 
Proposition [ 



h-% < %| • ||^ Wr'lloo = 4| fl | • Halloo < 4|^| C ||^— 1 111 - 1) = 4| 5 |(||0||i - 1). 



Since we also have + 2\g\ ^ \\<p\\i < n., we deduce \g\ ^ " j^ 1 and so, 

||^- 1 || lS =:2(n-||0|! 1 )(||0||i-i). 

Finally, since the parabola f(x) = 2(n — x)(x — 1) has its absolute maximum in the point 

n + lwn + 1 \ (n — l) 2 



x = ^4^, we conclude 



H^llx^nHI^XIItflli-l)^ 



□ 



In order to establish lower bounds for 0:2 (n), we need to construct explicit automorphisms 
of F2 having inverses with big 1-norm compared to that of themselves. 

Theorem 3.6. For n ^ 10, we have ot2(n) > ^ — 6n + 42. 
Proof. For k consider the automorphisms 

V-"fe = Vab 2k ,ab 2k + 1 X a - k b = Vb- 1 a k + 1 b 2k a - k b, b- 1 a k + 1 b 2k + 1 a - k b- 

We have HV'fclli = 8fc + 7. For the inverse, we have 

^fe 1 = K-^a kr l ab \k ab 2k+l = h- 1 a k7 la(b~ 1 a) 2k ,a- 1 b = Vu,v, 

where u and v are the two words u = ((a~ 1 b) 2k a~ 1 ) k a~ 1 ba(b~ 1 a) 2k b~ 1 a(a(b~ 1 a) 2k ) k and v = 
{{a- 1 b) 2k a- 1 ) k a- 1 b{a{b- 1 a) 2k ) k . Hence, \\ip^ X ||i = 4(4fc + ljjfe + 4fc + 7 = 16k 2 + 8k + 7. 
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Writing n — \\ipk\\i = 8fc + 7, we have k = ^g-^ and then 

-L \-r. 

64 



ii /-in ^(«- 7 ) 2 „ - n 2 -10n + 49 



n -10n+49 
4 



Thus, for n = 7 mod 8, we have 0:2 (ft) ^ 

Finally, for every n ^ 7, let n' be the unique integer congruent with 7 modulo 8 in the set 
{n — 7, . . . , n — 1, n}. We have 

, „ n' 2 - 10n' + 49 (n - 7) 2 - 10(n - 7) + 49 n 2 
a 2 {n) ^ a 2 {ri) > > ^ -i < = — -6?i + 42, 

where the last inequality uses n ^ 10 since the parabola /(x) = 31 ~ 1 J: + 49 nas its minimum at 
a; = 5. □ 

The outer automorphism case turns out to be simpler: 
Theorem 3.7. For every $ G OutF 2 , = ||$||i- Consequently, (3 2 (n) = n. 

Proof. Take ip G $. By Lemma 13.41 ip — ijji9ip 2 X g for some letter permuting automorphisms 
tpi, ip2 S AutF 2 , some 8 G Aut + F 2 and some element g G F 2 . Then Lemmas I2.4f i) and 12.51 
yield 

ll*lli = IIMIIi = llhMiM,]||i = ||[iMV*]||i = II [?]||i - ||0||i. 

Also by Lemma IHHi) , we get 

ll^lli = lib" 1 ]!!! = llfAj-^a-'fl-Vr 1 ]!!! = llte^Vr 1 ]!!! = HMlli. 

Since Q~ x is cyclically reduced by Lemma l3TTl we may use Lemma l2.5l to get = = 

||0 _1 ||i. Since ||0||i = ||6»— 1 ||i by Proposition [Oj we get H^Hi = ||$||i. Therefore /3 2 (n) = 
n. □ 



4 Higher rank 

In this section, we consider arbitrary rank r ^ 3, compute polynomial lower bounds for both 
a r (n) and f3 r (n), and show that j3 r (n) admits a polynomial upper bound. 

The polynomial lower bounds for a r (n) and /3 r (n) have degrees r and r — 1, respectively. 
In particular, this separates the asymptotic behavior of the rank two case from all other ranks, 
with respect to both complexity functions. That is, £2 (ft) grows more slowly than £ r (n) for all 
r 3 and £ G {a, /3}, which agrees with the intuitive fact that AutF r is a much easier group 
for r = 2 than for higher rank. 

Finally, the polinomial upper bound for /3 r (n) is established with the help of the theory of 
Outer space. 

We assume the rank r fixed throughout the whole section. 
4.1 Lower bounds 

Our lower bound for /3 r {n) is obtained by abelianizing positive automorphisms. The extra unit 
in the degree of the lower bounds from (3 r (n) to a r (n) will be achieved by additionally composing 
the positive automorphisms with a suitable conjugation that increases in size when inverting. 
We thank Warren Dicks for suggesting us to use the following automorphisms; this significantly 
simplified our previous proof of the lower bounds for a r (n) and j3 r {n). 

We start by defining, for every p G Z, a matrix — (mfj) G GL r (Z) = AutZ r given by 

!1, if i = j; 
P, iij = i+ 1; 
0, otherwise. 
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Note that det = 1 and so is indeed invertible. 
Lemma 4.1. For all r ^ 2 and peZ, Zet iV^ = (n$) <E GL r (Z) 6e denned 6y 

!i, ifi=j; 
(- P y-\ ifi<j; 
0, otherwise. 

Then iVW = (MW)" 1 . 

Proof. It sufBces to show that M^N^ is the identity matrix. Indeed, the (i, j)-th entry of the 
product matrix is X)fe=i TO i P fe n if] = ^ m i P fe n fe P ] which is if j < z and 1 if j = i. If 

j > i, we get m-^n-j +m| p i + 1 n-^ > 1 • = (— p) 3 ~ 4 + p{— p)^ 1 ^ 1 = and the lemma is proved. □ 

We immediately obtain: 

Lemma 4.2. For allr^2 andpE Z, we have \\M^>\\i = r + (r-l)p and ||(M^) _1 ||i >p r ~ 1 . 
□ 

For every integer p ^ 2, define <y9 p G Aut + by 

J aiaLp if 1 < i < r; 
I a r , it i = r. 

Note that y> p is clearly onto and therefore an automorphism since free groups of finite rank are 
hopfian [5]. 

Lemma 4.3. For all r ^ 2 and p ^ 2; 

(mJ a r <£~ 1 = a r and a^" 1 = aj(a i+ iy!~ 1 ) _p /or « = 1, . . . , r — 1, 

(iii) aiifip 1 £ aiA*a^, x for i — 1, . . . , r — 1, 
H^lli <2|a 1 ^- 1 |. 

Proof, (i) is clear. 

To get (ii), it suffices to compute (a,(a,+i<^p ) _p )y?p = [cH ( Pp) a i+i — a i f° r i <r. Then (iii) 
follows from (ii) by reverse induction. 

Finally, to see (iv) observe that by (iii) the product a,(a,_|-i</2~ ) _p is reduced and so 
\a l ifp 1 \ > p\a. l+ iip p 1 \ for every i < r. Hence \aiLp~ 1 ] < ^Mai^p 1 ! f° r * = 2 ,...,r and 

\\<Pp% = \ a ^v 'I <(! + - + ••• + — i)!^^" 1 ! < □ 
i=l " ^ 

Now we are ready to state and prove the lower bounds for our complexity functions. 
Theorem 4.4. For every r~^1, there exists constants K r ,K' r > such that, for every n ^ 1: 

(i) K r n r ^ ct r (n), 

(ii) K^n 1 " 1 < /3 r (n). 
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Proof. Let p^ r. By Lemmas 12.61 14.21 and I4.3f i). we have 

h P \\i = \\[<P P ]h = iKlli = ll^ (p) lli =r + (r- l)p < rp. (1) 
On the other hand, the same results yield 

\\<pp% > ui^iiii > u^n = \m h r% = (2) 

satisfies "~ ( - r r " 1 ' ) ^ p ^ — and so rp £ {n — (r — 1), . . . , n}. The outer automorphism [ip p ] £ 
Out(F r ) satisfies ||[y p ]||i < rp ^ n; and, on the other hand, ||[</j~ 1 ]||i > p r_1 > ( "~^~ 1 ^ ) r ~ 1 = 
^"~^Z-V' > ■ Now it is straightforward to check that 

. n s a2= 

(n — a) > — n > 



Let no = max < r , — — f > and consider n no. Take the integer p = I — J r, which 

2 I 



2 " 2* -1 

holds for all positive integers s,a,n. Hence, we deduce that 



ll[^ 1 ]Hi>2^» r - 1 

i 

(using that n (' -i) 2r w e conclude that /3 r (n) „ iL t n 7 " -1 for n ^ no. Adjusting the 

value of the constant 2r *-i ^° cover the finitely many missing values of n, (ii) holds. 

To prove (i) let us restrict ourselves to the case r > 3 (Theorem 13.61 already deals with the 
case r = 2). Fix p ^ r and let ^ p = ip p \ a p. Then (TTJ yields 

r 

HVvlli = l a i" P ( a ^p) a il < 2 T + [[VpIIi < 3r P- 

i=l 

On the other hand, 



^lli = WK-p^h > 51 \( a i a i a i P ) i Pp l \ 



i=3 



Since the products (ai<p p 1 ) p (ai<p p 1 )(a 1 "Vp 1 ) p are reduced by Lemma [4.3f iii). it follows that 
ll^" 1 !!! > 2(r - 2)p|ai^ 1 | > (r - 2)p||^-i|| 1 > (r - 2)?/, by Lemma [OJiv) and ©. 

This shows that, for n = 3r» and p ^ r, we have a r (n) > (r ~ 2)p r = ^rn r i.e., (i) is 
proven for all such values of n. Finally, the extension of this inequality to all values of n (after 
adjusting properly the multiplicative constant) proceeds similarly to part (ii). □ 

As a final remark for this section, it seems clear that this exhausts the potential of abelianiza- 
tion techniques to provide lower bounds. If the growths of our complexity functions are strictly 
bigger than what we have proven here, this will have to be obtained by more intricate counting 
techniques working above the abelian level. 



4.2 Upper bounds 

We can present a polynomial upper bound for /3 r (n) using Outer space techniques. We thank 
M. Bestvina for suggesting a simplification of our initial arguments, which leads to a very easy 
and elegant proof of such a polynomial upper bound, now essentially a corollary of a recent 
result about the asymmetry of the Lipschitz metric in Outer space. 

Let us briefly recall what Outer space X r is, r > 2, following the notation from [I] (see [6] 
for more details). 
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With the term graph we mean a finite graph T of rank r, all whose vertices have degree at 
least three. A metric on T is a function I: ET — >■ [0, 1] defined on the set of edges of T such 
that J2eeEr ^( e ) = 1 an( i the se ^ °f length zero edges forms a forest. Let us denote by Er the 
space of all such metrics £ on T, viewed as a "simplex with missing faces" (corresponding to 
degenerate metrics that vanish on a subgraph which is not a forest). If V is obtained from V 
by collapsing a forest, then we will naturally consider Er' as a subset of Er along the inclusion 
given by assigning length zero to the collapsed edges. 

Fix the rose graph R r with one vertex and r edges, and identify the free group F r with the 
fundamental group ni(R r ) in such a way that each generator at corresponds to a single oriented 
edge of R r . Under this identification, each reduced word in F r corresponds to a reduced edge- 
path loop starting and ending at the basepoint of R r . 

A marked graph is a pair (r, /) where / is a marking, i.e. a homotopy equivalence from 
the rose R r to T. It is standard to consider the set of marked graphs modulo the following 
equivalence relation: (r, /) ~ (T', /') if and only if there is a homeomorphism /i: T — > V such 
that f \i is homotopic to /'. Denote it by A4Q / ~. 

Noting that all representatives of a given class [(T, /)] £ AiQ / ~ share a common underlying 
graph, we can consider the space of metrics on T and denote it Errp,/)]. Now, the Outer Space 
X r is obtained from the disjoint union 

U E [(r,/)] 
[(r,/)]eM5/~ 

by identifying the faces of the simplices along the above natural inclusions. Thus, a point in X r 
is represented by a triple of the form (T, /, £). 

There is a natural action of Aut F r on X r . Given <p £ AutF r , realize it on the rose, say 
ip: R r — > R r , and for every point x = (T, f,£) £ X r define <p ■ x to be (r, <pf,£). It is easy to 
see that this is well defined and gives an action of AutF r on X r . Notice that, by construction, 
inner automorphisms act trivially; so, what we have is in fact an action of Out F r on X r . 

Recently, the Lipschitz metric for X r has been introduced and initially studied in [5] , followed 
by other authors (see, for example, pQ). This metric can be defined as follows. 

Let x,x' € X r be two points in the Outer space; take representatives, say (T,f,£) and 
(r ; , f ',£'), respectively. A difference of markings is a map fi: T — » V which is linear on edges, 
and such that f \i is homotopic to /'. For such a difference of markings one can define ct(/k) to 
be the largest slope of \i over all edges e £ ET. Then define the distance from x to x' as 

d{x,x') = min {logcrQu)}, 

where the minimum is taken over all possible differences of markings (and achieved by Arzela- 
Ascoli's Theorem). 

The basic properties of this "distance" are the following: (1) d(x, y) ^ 0, with equality if and 
only if x = y; (2) d(x, z) d(x, y) + d(y, z) for all x, y, z £ X r ; (3) Out F r acts by isometries, i.e. 
d([cp] -x, [<p] -y) = d(tp-x, if-y) = d(x, y) for all x, y £ X r and <p £ Aut F r ; but (4) d{x, y) ^ d{y, x) 
in general. See [5] and [T] for details. 

For e > 0, define the e-thick part of X r as 

X r {e) = {(r, f,£) £ X r | £{p) ^ e Vp nontrivial closed path in V}. 

The following is an interesting result from Y. Algom-Kfir and M. Bestvina (see [H Theo- 
rem 23]): 

Theorem 4.5 (Algom-Kfir, Bestvina). Let r 2. For any e > there is a constant M = 
M(r, e) > such that, for all x,y £ X r (e), 

d(x,y) < M ■ d(y,x). 
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As an easy corollary, we obtain our polynomial upper bound for /3 r (n): 

Corollary 4.6. For every r 2, there exist constants K r ,M r > such that /3 r (n) K r n Mr 
for every n ^ 1 . 

Proof. Fix an automorphism ip G Aut F r . 

Consider the point of the Outer space x € X r represented by (R r , id, £q), i.e. by the identity 
marking over the balanced rose (here, £o assigns constant length 1/r to each petal). Now consider 
the point [</?]• x = (R r , <p,£o) 6 A" r . It is straightforward to see from the definitions that, given 
a difference of markings \i : R r — > R r , then fi is homotopic to tp if and only if fi = tp\ w for some 
w e F r . Moreover, a(<p\ w ) = ||<^A„, ||oo. It follows that 

d(x, [cp] ■ x) = min {log(a(ip\ w ))} = log( min U^A^H^) = log ||[^]||oo- 

w£F r w£F r 

Similarly, 

d([tp] -x,x) =d(x, [tp- 1 ] -x) = log || [p- 1 ] Hoc. 

But, since all the involved points belong to the (l/r)-thick part X r (-), we can take the constant 
M r = M(r,i) from Theorem [O] to get log || [p- 1 ] \\ x ^ M r log \\[tp] and so Hb^Hoc < 
||[<p]||^ r - Bringing in the constant C r = Coo^. r from Proposition 12. 1[ we obtain 

lib- 1 ]!!! < an^- 1 ]^ < ailMII^ ^ c^ +1 \m\\^. 

Hence r (n) ^ K r n Mr holds for K r = C™ r+1 . □ 

We remark that the polynomial upper bound for /3 r (n) established above is intuitively far 
from sharp. The proof of the Algom-Kfir-Bcstvina's theorem is indirect and the actual constant 
provided there is quite big. The provided lower and upper bounds for /3 r (n), namely n r ~ 1 and 
n Mr , are the only known information about the following open question: 

Question 4.7. What is the exact asymptotic behavior of the function j3 r , for r ^ 3? 

We also remark that getting a polynomial upper bound for a r (ro) seems to be a more tricky 
problem. On the one hand, the geometric techniques coming from Outer space do not seem to 
provide control on the length of possible conjugators showing up when computing the pre-image 
of the generators at by an (even cyclically reduced) given automorphism of F r . Additionally, 
and oppositely to the much easier case r = 2, these conjugators cannot be avoided in general 
by just composing with an appropriate inner automorphism because they can affect differently 
to the various generators. 

Question 4.8. Is there a polynomial upper bound for a r (n)? What is the exact asymptotic 
behavior of the function a r , for r ^ 3 ? 
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